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1. INTRODUCTION 
It  is known (see, for example, [1-4]) that  various boundary value problems for hyperbolic- 
parabol ic equations can be reduced to a nonlocal boundary value problem for differential equa- 
tions of mixed type, 
d2u(t) 
+ Au(t) = f(t) (0 < t < 1), u ( -1 )  = c~u(1) + ~, dt 2 (1.1) 
d~(t) + A~(t) = g(t) ( -1 < t < 0), 0 < ~ < 1, 
dt 
in a Hi lbert space H with self-adjoint positive definite operator A. 
THEOREM 1.1. (See [5].) Suppose that  ~ E D(A), that  f(t) is a continuously differentiable on 
[0, 1] function and that  g(t) is a continuously differentiable on [ -1 ,  O] function. Then, there is a 
unique solution u(t) of the problem (1.1) and the stability inequalities, 
max II~(t)llH < M II[~NH + max IIg(t)llu + m~ (v~)- l f ( t )  HI 
-1_<t<1 - -  - l<t<o o<t<_ l  ' 
max v/-Au(t) < M [ v/-AT , + I Ig(0)ll, + max IIg'(t)lIH + max IIf(t)llH], 
-1_~t_~1 H -- -l_~t~0 0~_t<l 
The authors would like to thank the referees for their helpful comments. 
0898-1221/06/$ - see front matter (~) 2006 Elsevier Ltd. All rights reserved. Typeset by .Ah~-TE x
doi:10.1016/j.camwa.2006.08.017 
260 A. ASHYRALYEV AND H. A. YURTSEVER 
d~(t~ H d2u(t) 
-~o  ~ ~ + + °<m-t<-axl at---5-- H I~2~t~ 1 IIAu(t)IIH 
Ill + max IIg'(t)llH + IIf(o)tlH + max IIf'(t)llHJ _< M AVPIIH + v/-Ag(0) H -l<t<0 0<t<l 
hold, where M does not depend on f(t) ,  g(t), or !p. 
Methods for the numerical solution of boundary value problems for evolution differential equa- 
tions have been studied extensively by many researchers ( ee [5-16] and the references therein). 
In the present paper, difference schemes of second order of accuracy for the approximate solu- 
tion of boundary value problem (1.1) are presented. Stability estimates for the solution of these 
difference schemes are established. 
2. THE D IFFERENCE SCHEMES- -  
THE MAIN THEOREM 
Applying difference schemes of second order of accuracy for hyperbolic equations (see [16]) and 
modified Crank-Nicholson difference schemes for parabolic equations (see [17-19]), we obtain the 
following difference schemes of second order of accuracy 
r -2 (uk+t  - 2uk + uk -x )  + -~Auk + A(uk+~ + uk-1)  = fk ,  
Yk = f(tk),  tk = kr, 1 < k < N-  1, fo = f(O), 
T -1  I + -~-A (~t 1 - -  UO) = -~ (fo - -  Auo) + (go - Auo),  go = g(O), 
1 (Auk + Auk- l )  = gk-1, (2.1) 
gk- l=g tk -  , tk=kr ,  - (N - r -1 )<_k<__O,  
r -1  (uk - uk -1 )  + Auk = gk-1, gk- i  = g tk - , 
tk=kT,  -N+l<k<-(N- r ) ,  r=2, . . . ,U -N=~UN+~,  
for the approximate solution of the boundary value problem (1.1). 
Let H be a Hilbert space, A be a positive definite self-adjoint operator with A > 6I, where 
5 > 50 > 0. Throughout this paper, {c(t), t _ 0} is a strongly continuous cosine operator-function 
defined by the formula, 
e itv~ + e - i tv~ 
e(t)  = 2 
Then, from the definition of the sine operator-function s(t) 
/ic s(t)u = (s)uds, 
it follows that 
e i t~ e- i tv r~ 
s (t) = (v~)  -1 
2i 
For the theory of cosine operator-function, we refer to [20,21]. First of all, let us prove some 
lemmas that will be needed below. 
LEMMA 2.1. The following estimate holds: 
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Here and below, 
PROOF. We use the identity 
where 
2 iTv~) ( I=k l iTx /A)  -1 
B N (=kTX/~)--exp {~=iv~}---- f0 l/I]! (sTV/-~) ds, 
(sTv/-A) ---- B N (:ksTVr-A) exp {=t=i (1 -  s )V~}.  
The derivative ~'(sTx/~) is given by 
• , _ -  
Thus, 
x( -4~-2s2A) ( I+2 is ' rv rA) -2  
BN ( i~'v~)  - exp {Tix/A} 
1 1 -2  
exp {:Fi(1 -- s)V~} . 
ds  
Using the last identity and the estimates, 
B (:[:~-sx/-A) _< 1, exp {T i (1 -  s )v~} <_ 1, 
1 A _1 
we obtain 
[B N (=t=Tv/-A) -exp{~: iV~}]  A -1 _< 2 ~01 BN-I  (q-STV~) 
LEMMA 2.2. 
x i sx /A1T I  =t= -~is'rv~ exp {~i (1 -  s)x/~} s ds <_ 1T ~01 s ds -~.| 
For any r = 2, 3, . . . ,  the [ollowing estimate holds: 
x/A [BN-~R r - exp{-A}] ~ Mx/~, (2.4) 
x/A [BN-~R ~ - exp {-A}] = ~ [B g-~ - exp {-  (N - r) TA}] R ~ 
+ v/-Aexp {-  (Y - r) ~-A} [R r - exp {-rTA}], 
PROOF. Since 
R = (I + ~-A) - I  , 
(2.3) 
where M does not depend on T. Here and below, 
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to prove (2.4) it suffices to establish the estimates, 
v~exp {-  (N - r) TA} [R r - exp {-rTA)] <_ M'r, (2.5) 
VrA [B g-r - exp {- (N - r) TA)] R ~ < Mv~. (2.6) 
Let us establish the estimate (2.5). Using the identity 
R ~ - exp {--rTA} = r'r2sA 2 (I + s~A) -(~+1) exp { - r  (1 - s) TA} ds 
and the estimates 
1 [JAZexp{-tA}l j < ~-~, 0 < j3 < 1, t > O, (2.7) (I + sTA) -(~+1) <_ ~ . . . .  
we obtain 
x ~oZrT2s v~( I+srA)  -(~+1) x /~exp{- r (1 -s ) ' rA}  ds < M(r)T. 
Now, let us obtain the estimate (2.6). We have that 
~01 {ST  -1}  N-r -1  B g-~ - exp { -  (N - r) "rA} = - (N - r) _3 s A3 
ST 
X ( I  + ~-A) -2  exp { - (N -  r)(1 - s)TA} ds. 
Therefore, 
v /A[BN- r -exp{- (N- r )  TA)]Rr:-1/1/2[jo +31/2/1 }A3v~ ( (I s_~A) ( i _k?Al_ l}N-r -1  
S ( ST .\--2 
× (g  - r )T3~ I + -~d) exp { - (N  - r)(1 - s)~-d} dsR r = J1 + 3"2" 
The proof of the estimate (2.6) is based on the estimates, 
IIJlll < U~ 2, IIY~ll < M47.  
The proof of these estimates is based on the estimate (2.7) and 
1 
[JA~BkC[[<_I, O<f l<2,  l<k<N.  
LEMMA 2.3. For any 0 < a < 1 and r = 2, 3,..., one has the estimate 
IITN < M, 
(2.s) 
I 
(2.~) 
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-~_iv/-AX (BN (--Tvf-A} --BN (Ty/-A))] BN-rRr} -1 
PROOF.  Since 
T - { I  - ~ [c(1)  - As ( l ) ]  exp{-A}} -1  
xBN- 'R"  - [c(1) - As( I ) ]  exp { -A}} T { I  - a [c(1) - As( l ) ]  exp{-A}} -1 
and 
{I  - a [c(1) - As( l ) ]  exp{-A}} -1 ~ M,  (2.10) 
to prove (2.9), it suffices to establ ish the est imate 
1~-(~ (~) + ~ (-'~))÷ ~ (~ (-~)- ~ (~)) 
(2.11) 
x BN-~R r - [c (1) - As (1)] exp { -A}  < Myra .  
The est imate (2.10) was proved in [4]. Final ly,  using the identity, 
[~ (~ (~)+ ~ (~))÷ ~ (~ (~)~ (~))] 
xBN-~Rr - [c (1 ) -As (1) ]exp{-A}  - [I (BN (Tx/A) A-B N ( - -TV~))  
+~1(~ (,~)_,~ (~))] (~)-~ e~p~-~ 
X (v~) - lv /A  [BN-rR r - exp{-A}]  , 
and the estimates (2.2), (2.3), and (2.4), we  obtain the estimate (2.11). | 
THEOREM 2.1. Let ~v E D(A), go E D(v/-A). Then, there is a unique solution uk , -N  < k < N 
of the difference schemes (2.1) and the stability inequalities, 
_~xNll~ll .<M[o<~_ 1 (~)-~/~ +_~2~<olL~tl.+il~li.], (2.12) 
(2.13) 
<M max [[fk[tH"b[V/-'A~ + I[gO[[H" + max IJgk--gk--lllH], 
- -  O<k<N-1  H -NTl<k<O 
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max I1~-1(-~-u~-1/11. max Ilw-2(Uk+l--2uk + uk_l)l l  H -}---(N--1)<k<0 
l < k < N - - i  _ _ 
r 
< M [l<m~_l ]lfk - fk - l l IH + [IfOlIH (2.14) 
+ vFAg° H + ]IA~IIH +-N+,<k<0max II(gk - gk-1)~-'ll.], 
hold, where M does ~ot depend on fk,  0 < k < N - 1, gk, -N  < k < 0 or ~. 
PROOF. We obtain the formula for the solution of the difference schemes (2.1). First, we consider 
two auxiliary problems 
T- -2 (Uk+I  -- 2Uk -}- Uk--1) -}- -~ k -]- A (uk+l  -}- Uk-1)  = fk,  
fk = f ( tk) ,  tk = kT, 1 < k < N-  1, 
~_-1 I + -TA (Ul - uo) = Zl, uo is given, 
7" 
Zl = g (Io - A~o) + (go - A~o) ,  Io = f (0) ,  go = g(0), 
(2.15) 
1 
T -1 (uk -- uk--1) + ~ (Auk + Auk- l )  = gk-1, 
( 2 )  1 )<k<0,  gk-1 = g tk - , tk = kv, - (N - r -  _ _ 
v -1 (uk -- uk-1) + Auk = gk-1, U-N is given, 
( i )  gk- l=g tk -  , tk=kr ,  -N+l<k<-(N- r ) ,  r=2, . . . .  
There are unique solutions of these problems and the following formulas hold: 
u l= I+TA I - -~A-vA uo+Tgo+-~fo  , 
k--1 
- z 2<k<N,  
(2.16) 
(2.17) 
k-1  
uk = RN+ku-N +'r  E Rk-S gs' 
s=-N 
[~ -N+r--1 
Uk ---- B N- r+k  rU_ N -~- T E 
s~--N 
k--1 
+ ~- E Bk- l -SCg~'  
s=-N+r  
R ] 
-N+l<k<-N+r ,  
-N+r+l  < k < O. 
(2.18) 
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Second, using the formulas (2.17) and (2.18), we obtain the following formula, 
+T E B-l-sCgs +~go+-~fo ,
s=--N+r 
BN-r Rru- lV+r E R-IV+r-sgs +r  E B- l -sCgs 
s=--N s=--N+r 
k-1 _ ~ ~ (~)_1 [~_~ ( .~)_  ~_~ (_..~)] ~, 
S=I 
2<k<N,  
k--1 
"ttk = ITC~IV'I-kU--N "l-T E Rk-S gs' 
s=-g 
-N+l<k<-N+r ,  
--N+r--1 1 k--1 uk=BN--r+k Rru-N+'r  E R-N+r-Sgs +T E Bk-l-sCgs' 
s=--N s=--NWr 
for the solution of the problem, 
1 !A (~k+l + ~k-1) = h ,  ~.-2 (Uk+l -- 2uk + uk--1) + -~Auk + 4 
fk  = f ( tk) ,  tk = k-r, 1 < k < N-  1, 
T -1 I + -~A (ul -- UO) = Zl ,  
T 
Z1 = ~ (fo - Auo) + (go - Auo) ,  /o = f(O), go = g(O), 
1 (Auk + Auk- l )  = gk-1 ,  
(~) gk-1  = g tk - , tk = k-r, - (N  - r - 1) _< k _< O, 
7 -1 (uk -- uk-1) + Auk = gk-1, U -N  is given, 
(~) gk-1 = g tk - , tk -= kT, -N  + 1 < k < - (N  - r), 
Third, using the condition u-g  = aUN + ~, we obtain 
-N+r+l~k<O,  
r=2,  . . . .  
(,_o [1 (.~ (~) +.~ (_~)) 
+,~ (~ (-~)-.~ (~))].~-~.~)._~ 
[ --N+r--1 --1 ] 
x [BN-~T E R-N+~-~gs+~" E B- l -~Cgs  
s=--N s=--NWr 
(2.19) 
(2.20) 
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"~-0~//(2i) (V~)  -1 (B  N ( -Tv~)  - BN(Tv/A)) (go + 2 fo )  
N-1 
E ~ (~)'  (~.  (~) - ~-~ (-~)) s, + ~ 
s=l 
Since the operator 
, _~ [ (~ (~)÷ ~ (_~) )÷,~ (~,, ( _~)_~ (~) ) ]  ~-~R~ 
has an inverse, we have 
BN-~ - ~ R-N+~-s g, + ~ " ~ B-x - ' cg ,  
s=-N s=-N+r 
• o/~) (~)'  (~ ( -~)-  ~ (~))(~0 ÷~0) 
~_1 ~ (~)_, (~N- . ( .~)_~N-~(_~))~ ÷~}. 
(2 .21)  
Hence, we have formulas (2.19) and (2.21), for the solution of the difference schemes (2.1). It is 
easy to show that the following estimate holds, 
max II~k < M [Iru-NIIH + max (v / -A ) - l f k  H + max IlgkllH + II~IIH] . (2.22) -N<k<N IIH-- 0<k<N--] -N<k<O 
Using the formula (2.21) and the estimates (2.3), (2.7), (2.8), and (2.9), we obtain 
[lU_N[]H ]ITII {a [~ (B g ('rv/--A) + 
~(~(_~)_~(~))][~-~i -~=_  ~-~-~- .  
_1 ] 
xllgsllH+" ~ v/-AB-1-sC Ilgsl[~ 
s=-N+r 
~o,~ ~ (~,~)~ (~,~) [ (,~), ~o.~; (,~)~o 1.1 
N-1 7 f8 n } ÷ E ~ I ~N-" (~) -  ~N_. (_.~) (,~)-, ÷ H~ll,, 8=1 
+ max IlgkllH +II~IIH • 
- -  Lo<k<N-1 -N<k<O 
From the last estimate and estimate (2.22) estimate (2.12) follows. The proofs of estimates 
(2.13) and (2.14) follow the scheme of estimate (2.12) and rely on estimates (2.3), (2.7), (2.9), 
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and formula (2.21) and 
-N÷r-I I 
T ~ BN- r j=~-N+r-sgs  = A -1 BN- rg_N+r_  1 -- BN- rRrg_  N 
-N÷r--i 1 + BN-rR-N+r -s [gs - : -g . ]  , 
s=-N+l  { _1 / 
"r B - : -SCgs  -- A -1 g - t  - BN- r  g -N+r  ÷ ~ B - s  [gs-: - g,] , 
s=-N÷r  s=-NTr~-I  
( ._1 } 
s=2 
Note that  the abstract  Theorem 2.1 permits  us to obta in the stabi l i ty of the difference schemes 
for the approximate solution of boundary  value problems of mixed type. 
REFERENCES 
1. M.S. Salakhitdinov, Equations of Mixed-Composite Type, (in Russian), Fan, Tashkent, (1974). 
2. T.D. Dzhuraev, Boundary Value Problems for Equations of Mixed and Mixed-Composite Types, (in Russian), 
Fan, Tashkent, (1979). 
3. D. Bazarov and H. Soltanov, Some Local and Nonlocal Boundary Value Problems for Equations of Mixed 
and Mixed-Composite Types, (in Russian), Ylym, Ashgabat, (1995). 
4. A. Ashyralyev and N. Aggez, A note on the difference schemes of the nonlocal boundary value problems for 
hyperbolic equations, Numerical Functional Analysis and Optimization 25 (5-6), 439-462, (2004). 
5. A. Ashyralyev and H.A. Yurtsever, On a nonlocal boundary value problem for semilinear hyperbolic-parabolic 
equations, Nonlinear Analysis-Theory, Methods and Applications 47 (5), 3585-3592, (2001). 
6. A. Ashyralyev and Y. Ozdemir, Stability of difference schemes for hyperbolic-parabolic equations, Computers 
Math. Applic. 50 (8/9), 1443-1476, (2005). 
7. A. Ashyralyev and M.E. Koksal, On the second order of accuracy difference scheme for hyperbolic equations 
in a Hilbert space, Numerical Functional Analysis and Optimization 26 (6-7), 739-772, (2005). 
8. A. Ashiraliev and P.E. Sobolevskii, Differential schemes of high order of accuracy for parabolic equations with 
variable coefficients, (in Russian), Dopovidi Akademii Nauk Ukrainskoi RSR Seriya A-Fiziko-Matematichni 
ta Technichni Nauki 6, 3-7, (1988). 
9. A. Ashyralyev, S. Piskarev and S. Wei, On well-posedness of the difference schemes for abstract parabolic 
equations in Lp([0, 1], E) spaces, Numerical Functional Analysis and Optimization 23 (7-8), 669-693, (2002). 
10. D. Guidetti, B. Karasozen and S. Piskarev, Approximation of abstract differential equations, Journal of 
Mathematical Sciences 122 (2), 3013-3054, (2004). 
11. V.'B. Shakhmurov, Coercive boundary value problems for regular degenerate differential-operator equations, 
Journal of Mathematical Analysis and Applications 292 (2), 605-620, (2004). 
12. I.P. Gavrilyuk and V.L. Makarov, Exponentially convergent parallel disretization methods for the first order 
evolution equation, Computational Methods in Applied Mathematics 1 (4), 333-355, (2001). 
13. Y.G. Wang and M. Oberguggenberger, Nonlinear parabolic equations with regularized erivatives, Journal 
of Mathematical Analysis and Applications 233 (2), 644-658, (1999). 
14. W.-J. Beyn and B.M. Garay, Estimates of variable stepsize Runge Kutta methods for sectorial evolution 
equations with nonsmooth data, Applied Numerical Mathematics 41 (3), 369-400, (2002). 
15. R. Rautmann, H2,r-convergent approximation schemes to the Navier-Stokes equations, Nonlinear Analysis- 
Theory, Methods and Applications 30 (4), 1915-1926, (1997). 
16. A. Ashyralyev and P.E. Sobolevskii, Two new approaches for construction of the high order of accuracy 
difference schemes for hyperbolic differential equations, Discrete Dynamics in Nature and Society 2 (2), 
183-213, (2005). 
17. A. Ashyralyev, I. Karatay and P.E. Sobolevskii, Well-posedness of the nonlocal boundary value problem for 
parabolic difference quations, Discrete Dynamics in Nature and Society 2 (2), 273-286, (2004). 
18. A. Ashyralyev, An estimation of the convergence for the solution of the modified Crank-Nicolson difference 
schemes for parabolic equations with nonsmooth initial data, (in Russian), Izv. Akad. Nauk Turkmen. SSR 
Set. Fiz.-Tekhn. Khim. Geol. Nauk 1, 3-8, (1989). 
19. R. Rannacher, Discretization of the heat equation with singular initial data, Z. Angew. Math. Mech. 62 (5), 
346-348, (1982). 
268 A. ASHYRALYEV AND H. A. YURTSEVER 
20. H.O. Fattorini, Second Order Linear Differential Equations in Banach Spaces, Notas de Matematica, North- 
Holland, (1985). 
21. S. Piskarev and Y. Shaw, On certain operator families related to cosine operator function, Taiwanese Journal 
of Mathematics 1 (4), 3585-3592, (1997). 
